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A POLTHEDRON is the interrection P= HE r ... nH
* &XI

of finitely many half-pacer H 2, ..., H
*

such that1) int P + &

2) vol(p) < + 20

Poincare model Klein model



Some care is needed in
"

if we allow P to contain

antipodal points

7 ~imiapolyhedron ?
↑

A FACE in P is F= PnGH with HIP halfspace

It is a polyhedron in its support subspace

↑
smallert 5X" that contains F
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The LINK of a face F of P :

~·Tirk
is a spherical (n-K-1)- polyhedron

# Fis a ridge ,
the link in an arc of lengtht

DIHEDRAL ANGLE of F
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P is NON OBTUNE if dihedral angler are all &I
=D Gj0 Fixj

[Andreer] If Pron obture,
2 Hizu ...Hi & =D corresponding faceto interrest

No P l
[Vinberg ? ]

Every non obtuse spherical polyhedron is a simplex

Every non obtuse Evolidean polyhedron is a product of implexes
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Cor : Every non-obture P is SIMPLE
,
except at the ideal points,

& all links are simplexer
whose link is a product of implexer.

[Andreer] P simple 3-dimensional ,**
0di thedral angles assigned to ridges2

7 realization PER with there dihedral angles D

1) a/ di + 22 +23)π
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Coxeter polyhedra
A COXETER POLYHEDRON is a polyhedon P whose dibedal angler

are= f FiuF; + 0
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Thm : Ri:= reflection along facet Fi RieIsom (*"(

↑ : = < R
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$" is IRREDUCIBLE if it is not a product or join of two
H smaller dimensional polyheda

SIMPLEX

[Coxeter] The irreducible Coxeter spherical implexer are
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The flat Coxeter simplexer are
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[lanner] The compact hyperbolic simplexer are



Regular

polyhedra . E it2 Schläfli notation

·
IHB33 3 En] regular n-gon
ideal

33 ,3)

Epigly regular p-your
. IH113 IR33 meeting times at vertice
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Regular

polytopes.E
Q = (1) , i , = j ,

= k]8
4- simplex IH1" "

= 53 - 50(3)
33,3,33 4

hypercude 1111" IR" S Binary group G=
" (En)

24 , 3 ,33 34 ,
3
,
3
, 53

1. 6 - cell IRY BINARY TETRAHEDRAL GROUP :

23 . 3, 43

24 - cell IHl" IR4 Tr=Qu
23 ,

4
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120-cell 1111" 1H1" 111" BINARY ICOSAHEDRAL GROUP .

25 , 3, 37 55 , 3 , 3, 4] *600-cell Fro = Ta
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A polyhedron P is SEMIREOULAr if From (P) acts transitively
on vertices

,

and all facets are regular.

Ideal hyperbolic RECTIFIED 4 - SIMPLEX #
faceto : 5 5 linke:
Dihedral angles T and 3



Gorret polytopes (1900)

5364 25 86 27 G

rectified 5-demicube 27 56 240

4-simplex
verticer vertices verticer

L /E
non-zero elemente in Ex GIRP
of smallest norm

FACETS ARE SIMPLEXES AND CROSS-POLYTOPES

[Agol , Long , Reid] [Potyagailo-Vinberg]
Dual right-angled hyperbolic polytopes

[Ratcliffe-Trchantz]
pe pa p5 psp7 po

10 facetr 16 27. 56 248 I

& 5del ratie e 27 126 2160

5 real vertices 16 72 576 17280



How they were discovered :

n = 3 · 44 n =2 " F⑧ ⑨

n = 4 ⑧ ⑨ · 4

⑨

n = 5

·.
4
⑨ #

: :

n =2 . ·......
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Hyperbolic simplexes with one ideal vertex


